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Although the w e  of screw propellers f o r  boats was introduced a t  
l eas t  as ear ly as 1836, the sc i en t i f i c  study of propellers may be 
regarded as having begun i n  1865 with the introduction of the s l i p s t r e m -  
momentum theory by Rankine which was followed i n  1878 by an a l te rna t ive  
concept, the simple blade-element theory of W. Froude. In view of the 
extreme simplicity of the ass-tions upon which the ear ly theory is  
based, the agreement of the analyt ical  r e su l t s  with experience is 
remarkably good. The f a c t  t ha t  no fu r the r  magor advances i n  propeller 
theory were made wtil about 1915 is due in pa r t  t o  the re la t ive ly  
sat isfactory r e su l t s  obtained with the  ear ly simple theory and indicates 
tha t  progress in propeller theory awaited the  development of a i r c r a f t  
and a i r f o i l  theory. 
Ln the his tory of propeller theory there appear t o  be f ive  out- 
standing contributions which serve a s  a background f o r  a great  number of 
associated s ignif icant  contributions. The major contributions a re  the 
axial-momentum theory introduced by Rankine (reference 1 )  in 1-85?> the 
simple blade-element theory of W. Froude (reference 2 ) ,  1878, the 
concept of the vortex propeller theory by Lanchester (reference 3 ) ,  
1907, the screw propeller with minimum induced energy loss  by Betz 
(reference 41, 1919, and Goldstein's solution f o r  the r ad ia l  d i s t r i -  
'Dution of circulatfon f o r  highest efficiency f o r  a l i g h t l y  loaded pro- 
pe l l e r  having a f i n i t e  num'ber of blades (reference 5 ) ,  1929. Since 1929 
a number of notable contributions have been made t o  aerodynamic pro- 
pelley theory, most of which stem from an a t t e q t  t o  extend the work of 
Betz and Goldstein t o  consideration of a heavily loaded propeller and 
the development of dual-rotation propeller theory. 
A review of only the s ignif icant  contributions t o  propeller theory 
affords material  f o r  a voluminous textbook. The purpose of t h i s  paper 
is t o  mention b r i e f ly  the s ignif icant  features of the major contributions 
and t o  discuss some of the more important developments made since the 
introduction of Goldstein's work, especially those made during the recent 
w a r  years which have not received widespread publicity.  
A l is t  of the gymbols used i n  t h i s  paper is  included i n  the appendix. 
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EARLY THEORY 
Simple Momentum Theory 
I n  the development of the slipstream-mial-momentum theory Rankine 
regarded the propel ler  as an actuator disk imersed  in a f l u i d  having a 
uniform rela-bive motion normal t o  the  plane of the disk as shown i n  
figure 1. The thrust exerted by the propel ler  r e su l t s  i n  a discontinuous 
increase i n  t o t a l  pressure of the slipstream as  it passes through the 
disk which is manifest as a continuous increase i n  slipstream ax ia l  
velocity and an abrupt r i s e  in s t a t i c  pressure. In the derivation, use 
is  made of the l a w s  of motion, Bernoulli 's equation, continuity equation, 
m d  conservation of energy. The analysis indicates tha t  the ax ia l -  
velocity increase in the fully developed s l ipstrean,  where the s t a t i c  
pressure is  the same a s  tha t  of the%'surrounding medium, is twice the 
increase a t  the  propeller. The fundamental and very usef'ul re la t ion  f o r  
j e t  propulsive efficiency is 
By assuming conservation of energy, an a l te rna te  expression involving 
power coefficient,  advance r a t io ,  and efficiency is derived: 
Equation (2) represents the absolute ultimate in efficiency obtainable 
with a loaded propel ler  operating i n  an undisturbed streamj the only 
loss  considered is the  a x i a l  k ine t ic  energy i n  the slipstream which is 
inseparable from the production of thrus t .  The variat ion of idea l  
efficiency with advance r a t i o  as indicated by the  simple momentum theory 
is shown i n  f igure 2 and i s  compared with the efficiency indicated by 
modern theory. 
The simple momentum thevry was  inadequate i n  tha t  it gave no 
indication of the r a t e  of slipstream contraction, f a i l e d  t o  deal with 
the f r i c t i o n  losses  of a r e a l  propeller, and f a i l e d  t o  f i x  propeller 
geometry except t o  demand the largest  possible diameter. 
Simple Blade -Element Theory 
The simple blade-element theory introduced by W. Froude i n  1878 
and extended by Drzewiecki (reference 1 on p . 179 of reference 6) i n  
1892 ignored the concept of slipstream momentum and considered only the 
force and velocity vectors acting on the propel ler  blade sections.  The 
blade section a t  each r ad ia l  distance from the axis  of ro ta t ion  was 
t reated as an a i r f o i l  of indefini te ly short  span operating i n  a f l u i d  
whose re la t ive  velocity w a s  determined only by the propel le r ' s  ro ta t iona l  
speed 'and i ts forward motion. Application of the theory required the 
use of experimentally determined a i r f o i l  charac ter i s t ics  ( l i f t  and drag 
coeff ic ients)  and arb i t ra ry  assumptions of effect ive aspect r a t i o .  
This theory, though f a r  from being sat isfactory,  did enable 
designers t o  f i x  propeller s i ze  and shape f o r  given operating conditions 
and permitted the calculation of propeller thrust ,  power, and pro f i l e  
efficiency. The efficiency computation accounts f o r  no losses except 
the blade-section profile-drag o r  f r i c t i o n  losses.  The efficiency of a 
blade element 7 ' f s expressed as 
where $do is  the nominal hel ix  angle and 7 . is the  angle whose tangent 
is the drag- l i f t  r a t io .  The foregoing r e l a t ion  is sinrp1.y the efficiency 
of any screw involving f r i c t i o n  and working without s l i p .  Th2 theory is 
useless f o r  conditions of low ra t e s  of advance but gives reasonably good 
resu l t s  a t  high advance r a t ios  and does indicate that highest efficiency 
can be obtained when the most effect ive par t s  of the  propeller blade have 
he l ix  angles s l igh t ly  l e s s  than 45'. Inasmuch a s  the energy relat ions 
between the propeller and the surrounding medium are ignored, the theory 
is incomplete and gives no i n f o m t f o n  f o r  select ion of o p t i m  number 
of blades o r  optimum blade shape. The o p t i r k  diameter indicated would 
be merely tha t  which resulted i n  lowest p ro f i l e  losses which is en t i r e ly  
dependent upon the a rb i t ra ry  select ion of a i r f o i l  character is t ics .  
MODERN THEORY 
The Vortex Theory 
I n  the quarter century preceding World W a r  I, considerable e f fo r t  
was spent i n  t rying t o  develop the older basic theories t o  have a more 
r e a l i s t i c  application t o  ac tua l  propellers.  Most investigators real ized 
tha t  the axial-velocity increment demarided by the simple momentum theory 
must a lso  ex i s t  t o  some extent f o r  the blade -element theory, and early 
attempts t o  improve the l a t t e r  theory followed t h i s  approach. That is, 
the effect ive ax ia l  velocity i n  whtch the propeller operated w a s  assumed 
t o  be the sum of the f l i g h t  velocity and the velocity increment ( a t  the 
disk) calculated from the simple momentum theory o r  an empirically 
determined portion thereof (reference 1 on p . 180 of reference 6 and 
references 7 and 8).  Also, during t h i s  period the slipstream-momentum 
theory w a s  extended t o  include the slipstream ro ta t ion  resul t ing from 
propeller torque and was designated as the general momentum theory. 
With the advent of modern a i r f o i l  theory characterized by the 
association of l i f t  with circulat ion and the related concept of a vortex 
system f o r  a f i n i t e  a i r f o i l  consisting of bound and t r a i l i n g  vortices, a 
new approach t o  the propeller problem was  opened. 
The concept proposed by Lanchester i n  1907 (reference 3), upon which 
the vortex theory of the propeller is based, i s  tha t  the effect ive 
velocity at  which the blade sections of a propeller operate includes, .in 
addition t o  the t ranslat ional  and rotat ional  veloci t ies ,  the velocity 
induced by the propeller i t s e l f  which is the strength at the propeller 
blades of the velocity f i e l d  of the t r a i l i n g  vortex system. This concept 
is  based on Prandt l ' s  a i r f o i l  theory. The siznplest possible represen- 
t a t ion  of such a system, analogous t o  the use of a horseshoe vortex t o  
represent a f i n i t e  l i f t i n g  a i r f o i l ,  is shown i n  figure 3. The diagram 
i l l u s t r a t e s  the propeller blades, each with a bound vortex and i ts  
associated p a i r  of t r a i l i n g  vortices, a l l  of equal strength. From each 
propeller blade one vortex trails d i rec t ly  downstream with circulat ion 
about the axis of rotat ion i n  the same sense as  the propeller rotation, 
the other vortex springing from the propeller t i p  t r a i l s  along a he l i ca l  
path with circuLation opposite i n  sense t o  tha t  of the axial t r a i l i n g  
vortex. It w a s  realized, of course, t h a t  the r e a l  vortex system would 
be determined by the r a d i a l  d is t r ibut ion  of load on the blade and would 
be composed of a hel icoidal  sheet of vortex filaments springing from a l l  
points along the blade. Employing such a concept, Joukowski developed a 
vortex theory of screw propellers i n  1912 (reference 8 on p. 180 of 
reference 6) which he presented in f i n a l  form i n  1918, being forced by 
the involved nature of the problem t o  the s i~ l~p l i fy ing  assumption of an 
i n f i n i t e  nuuiber of blades. Original contributions i n  the development 
of the vortex theory of propellers with an i n f i n i t e  nwnber of blades have 
been made by other investigators (references A5 and A7 of reference 9 and 
references 10 t o  13) of whom the most widely known i n  English speaking 
countries is II. Glauert. 
The essent ia l  feature of the vortex theory is tha t  the induced 
velocity a t  the propeller blade can be calculated from a knowledge of 
the vortex system of the wake and tha t  i n  the resul tant  flow the blade 
elements can be assumed t o  operate with the character is t ics  of an a i r -  
f o i l  having in f in i t e  aspect ra t io .  A fur ther  assmption made i n  the 
application of blade-element theory is tha t  the operation of a blade 
element is  not influenced by the operation of adjacent elements of the 
sane blade. Though not theoret ical ly  tenable, experiment has shown 
th2t the assumption of independence of blade elements r e su l t s  i n  no 
appreciable e r ro r  (reference 14) . 
A typica l  vector diagram of the veloci t ies  assumed to  ac t  on a 
propeller blade element f o r  the vortex theory is presented i n  figure 4. 
The ax ia l  and rotat ional  components, v and 2nm, respectively, are  
specified by the operating conditions. The c r i t i c a l  problem in any 
screw-propeller theory is the determination of the induced velocity wl 
which is the r e a l  velocity a t  the propeller blade element of the air  
adjacent t o  the vortex sheet in a direct ion normal t o  the sheet. In the 
application of the vortex theory it has been customary t o  resolve the 
induced velocity in to  a x i a l  asd ro ta t iona l  coqonents and t o  colnpute 
these "interference " veloci t ies  by means  of the general momentum 
equations. Satisfactory routing procedures f o r  application of the vortex 
theory have been s e t  up by Glauert and by Weick (references 15 and 16, 
respectively).  
Again ref err ing t o  the vector diagram ( f  Lg. 4) the efficiency of a 
blade element by the vortex theory is  shown t o  be 
7 '  = t a n $  1 - a 1  
tan ($d + y )  1 + a 
Equation (4) conveniently indicates the magnitudes of the three sources 
of loss  considered, tha t  ie ,  profile-dra,g loss  and the ax ia l  and ro ta-  
t iona l  induced losses. 
When the  vortex theory is simplified by the assumption of a pro- 
pe l l e r  having an i n f i n i t e  nuniber of f r i c t ion les s  blades, the induced 
velocity a t  the propeller w l  of the t ra i l ing-vortex system i s  the 
same as tha t  obtained by the general momentum equations and is given by 
W l  = BI' 
4rtr s i n  (d 
where the product BI' is  the t o t a l  c i rculat ion about a l l  blade elements 
a t  the radius r. 
In sp i t e  of the necessary simplifying assumptions, the vortex theory 
has given r e su l t s  which agree reasonably well  with experience and forms 
the basis of modern propeller theory. It did f a i l ,  however, i n  the 
important d e t a i l  of showing the e f fec t  of the number of blades and, as 
originally developed, did not indicate the optimum rad ia l  dis t r ibut ion 
of blade loading. 
Screw Propeller with Minimum Induced Energy Loss 
Adopting the concept of a propeller operating i n  accordance with 
the vortex theory and producing a slipstream composed of a system of 
t r a i l i n g  vortices, Betz proposed t o  determine the r ad ia l  dis t r ibut ion of 
c irculat ion along the propeller blade (or dis t r ibut ion of vort  i c i t y  in 
the slipstream) which f o r  a given thrust  would r e su l t  i n  the smallest 
energy loss  (reference 4). Prandtl  had shown tha t  the condition of 
minirm induced energy loss  f o r  a l i f t i n g  a i r f o i l  is obtained when the 
induced velocity i n  the wake, opposed t o  the direct ion of the l i f t ,  is  
uniform along the span, which resu l t s  i n  an e l l i p t i c a l  spanwise loading. 
S e t z ' s  solution represents an extension of Prandt l ' s  a i r f o i l  theory t o  
the case of a propeller.  Jus t  as  Fn the case of a f i n i t e  wing, the 
system of vortex filaments t r a i l i n g  the spanwise wing elements i s  
regarded as forming a r ig id  sheet; so, f o r  a propeller the vortex 
filaments t r a i l i n g  along he l ica l  paths downstream from the propeller 
blade elements are  regarded as forming, behind each blade, a r ig id  
helicoidal vortex sheet (without any assmption at t h i s  point as t o  
whether the individual filaments continue t o  maintain t h e i r  posit ions 
re la t ive  t o  one another as  they pass downstream). 
In the w&e of a t h m t i n g  propeller the helicoidal sheets have 
both ax ia l  and ro ta t ional  velocity components which, i f  the sheets a re  
r igid,  can be resolved in to  a pure apparent a x i a l  motion o r  pure apparent 
rotat ion.  In any case the f l u i d  between adjacent sheets adopts the same 
general motion and, in addition, a r ad ia l  velocity produced by its 
tendency t o  flow around the edges of the sheets which produces the so- 
called ''tip loss  " associated with a f i n i t e  number of blades. Ln his  
ear ly treatment Betz assumed a l igh t ly  loaded propeller with negligible 
slipstream contraction. He deal t  with conditions in the wake f a r  behind 
the propeller and made use of Munk's displacement theorem by which a 
small change i n  circulat ion can be assumed t o  be added at a point i n  the  
wake ra ther  than at the propeller blade. 
Betz assumed tha t  the r ad ia l  dis t r ibut ion of c irculat ion could be 
varied a t  w i l l  by adding o r  subtracting increments of c irculat ion a t  
various r ad i i .  He showed tha t  t o  maintain a constant value of over-al l  
thrust  an increment of c irculat ion removed at one radius had t o  be 
replaced a t  another by an increment having a strength inversely propor- 
tional. t o  the respective r ad i i .  He then investigated the poss ib i l i ty  
of reducing the circulat ion a t  those r a d i i  where the induced loss  was 
high and increasing the circulat ion at  r a d i i  where the induced loss  was 
small and thereby established the conditfon of minimum induced energy 
loss  t o  be tha t  f o r  which the helicoidal vortex sheets formed apparently 
r ig id  screw surfaces of uniform pitch, under which conditions the blade 
elements a t  a l l  r a d i i  operated with equal efficiency (drag losses not 
being considered). 
Betz used rigorous proofs t o  establ ish the condition f o r  minimm 
induced energy loss  f o r  a screw propeller, t o  jus t i fy  the w e  of Munk's 
displacement theorem, and t o  show that the induced ve loc i t ies  in the 
f u l l y  developed slipstream were twice as  great a s  f o r  corresponding 
points a t  the propeller blades. 
The condition f o r  minimum induced energy loss i s  i l l u s t r a t ed  by the 
vector diagrams of figure 5 f o r  veloci t ies  i n  the wake f a r  downstream 
from the propeller. Betz 's  conclusion w a s  t ha t  the induced velocity wl 
' 
normal t o  the loca l  surface of the vortex sheet should varg rad ia l ly  so 
tha t  
Wl 
-= w = Consti~nt 
cos pl 
where w is the apparent a x i a l  motion of the r ig id  vortex sheets. The 
r e a l  velocity wl of the a i r  at the surface of the hel icoidal  sheet has 
both axial and ro ta t iona l  cowonents which vary continuously along the 
blade. However, t o  an observer f a r  t o  one s ide of the  slipstream. viewing 
the wake system in a direction normal t o  i t s  axis, the vortex sheets 
would appear t o  fom. r ig id  screw surfaces of uniform pi tch  and would 
appear t o  move as a whole without ro ta t ion  with the  pure a x i a l  velocity w. 
The foregoing concept of a rigid-wake system is adopted f o r  conven- 
ience in the mathematical treatment of the  potent ia l  flow in the propeller 
wake. Because the induced ve loc i t ies  in the f a r  wake a re  twice as great 
as a t  the propeller, the hel icoidal  vortex sheets undergo an i n i t i a l  
d i s tor t ion  i n  the region where the  slipstream contracts and are  assmed 
then t o  form r ig id  screw surfaces of i n f i n i t e  length. Actually, the 
surfaces r o l l  up in to  concentrated s p i r a l  vortices, one f o r  each blade, 
and a single vortex along the axis  equal t o  the com3ined.strength of 
- the s p i r a l  vortices.  
I n  the development of propeller theory various authors deal some- 
times with conditions at the propeller blades and at other times with 
those i n  the f u l l y  de~eloped s l ipstrean.  In nearly a l l  modern treatments 
of the vortex theory conditions in the f i n a l  wake (especially, the 
apparent axial mhtion of the t r a i l i n g  hel icoidal  sheets) are the design 
cr i ter ions.  It is the responsibi l i ty  of the individual t o  make cer ta in  
of an author 's  nomenclature before applying h i s  resu l t s .  The symbol w 
is found i n  the l i t e r a t u r e  t o  represent axial velocity of the helices 
both i n  the f i n a l  wake and at  the propeller blades. 
Effect of Number of Blades 
I n  the development of the vortex theory the treatment of the pro- 
pe l l e r  was  simplified by the assumption of an in f in i t e  number of blades. 
In t h i s  way the spacing between adjacent hel icoidal  vortex sheets i s  
made indefini te ly mall, the r ad ia l  velocity components of the flow 
around the edges of the vortex sheets a re  eliminated from the consider- 
ations, and the  circulat ion i n  a bound vortex does not become zero a t  
the blade t i p .  For physical propellers the foregoing simplification 
must be abandonedj the spacing between the hel icoidal  sheets increases 
as  a function of advance r a t i o  and inversely as  the rimer of blades; 
and further,  the circulat ion i n  a bound vortex m u s t  become zero a t  the 
blade t i p  as  well  as at  the axis. However, the Betz condition f o r  
minim induced energy loss  tha t  the hel icoidal  vortex sheets form screw 
surfaces of uniform pi tch remains valid.  
P m d t l ' s  solution. - In an addendum t o  Betz 's  paper (reference 4)) 
Prandtl  gave an approximate solution f o r  the r a d i a l  dis t r ibut ion of 
c irculat ion f o r  a propeller having few blades. Prandtl  i g o r e d  the 
he l i ca l  nature of the flow behind a propeller and assumed the hel icoidal  
vortex sheets t o  be replaced by a succession of semi-infinite, r ig id -  
plane laminae normal t o  the propeller axis.  The distance between laminae 
was taken equal t o  the normal distance a t  the slipstream boundary between 
the corresponding hel icoidal  surfaces, and the edges of the laminae were 
taken t o  l i e  i n  a plane tangent t o  the slipstream boundary. P m d t l  
investigated the two-dimensional f i e l d  of flow around the  edges of the 
laminae when the ambient f l u i d  moved normal t o  t h e i r  planes with a 
re la t ive  velocity w. Regarding the circulat ion as equal t o  the change 
in the velocity potent ial  across the laminae, Prandtl  obtained a 
dis t r ibut ion of c irculat ion which was zero at the  edge and increased with 
distance f romthe  edge. The r e su l t s  applied t o  a propeller give a r a d i a l  
dis t r ibut ion of c irculat ion which is a function of nmber of blades and 
advance r a t i o  and is zero at the blade t i p .  When equations presented 
i n  reference 17 are  combined, the approximate solution f o r  optimum 
distr ibut ion of c irculat ion along the blade obtained by Prandtl  is 
given by equation (6) in terms of the  circulat ion f k c t i o n  
When Goldstein's exact solution (discussed subsequently) is used as a 
cr i ter ion,  Prandt l ' s  approximate solution gives good re su l t s  f o r  pro- 
pe l le rs  having a large nmnber of blades o r  having a small advance ra t io ,  
t ha t  is, when the spacing between adjacent hel icoidal  sheets is 
relat ively small. For operation at large values of advance ra t io ,  o r  
with few blades, the approximate solut ion is not accurate. Ln a l l  cases 
the approximate solution gives values of c irculat ion la rger  than those 
obtained by Goldstein's exact solution. 
Goldstein's solution.- An exact solution f o r  the r ad ia l  distributic 
of c irculat ion i n  the he l i ca l  wake of a propeller having few blades was 
obtained by Goldstein and presented i n  1929 (reference 5 ) .  Lock 
(reference 18) s t a t e s  tha t  the  problem of pure hydrodynamics considered 
by Goldstein is tha t  of the potent ial  flow of f l u i d  past  a r ig id  body 
of a cer tain form moving with a uniform velocity. The form of the body 
is a hel icoidal  surface of i n f i n i t e  length but f i n i t e  radius, moving 
pa ra l l e l  t o  i ts  axis with uniform velocity w, o r  more generally a ~ l y  
f i n i t e  number of such surfaces equally spaced on the same axis and of 
the same radius, corresponding i n  number t o  the nwzlber of blades of the 
airscrew. 
Goldstein deals with a propeller having few blades operating in an 
in7aiscid f l u i d  so  that the consideration of blade drag loss  is elimi- 
nated. Hk accepts as val id  the Betz condition f o r  mfnimum energy loss  
as being realized when, at  a great  distance from the propeller,  the 
vortex sheets t r a i l i n g  the  propeller blades form screw surfaces of 
uniform pitch. Goldstein notes tha t  acceptance of the foregoing condi- 
t i o n  is equivalent t o  neglecting the  aiirstream contraction a d  is  
therefore val id  on ly  f o r  l i gh t ly  loaded propellers.  In obtaining h i s  
solution Goldstein deals only with conditions in the f i n a l  wake and 
s ta tes ,  as  does Betz, t ha t  the induced velocity at a propeller blade i s  
one-half as great as that a t  a corresponding point i n  the wake. 
In a few brief  steps Goldstein establishes the d i f f e ren t i a l  
equation f o r  the po tec t i a l  flow which s a t i s f i e s  the boundary conditions. 
However, the mathematical procedures used t o  obtain a solution are  
in t r ica te .  The solution is obtained i n  terms of a circulat ion function 
fl(x) 
The determination of the value of ~ ( x )  f o r  a specif ic  0perati.n.g 
condition involves the use of Bessel functions and the evaluation of 
in f in i t e  ser ies .  
A diagram of a propeller with i ts trailing vortex system is 
presented in figure 6 t o  i l l u s t r a t e  the def in i t ion  of the circulat ion 
function ~ ( x ) .  This figure was taken i n  par t  from one presented i n  
reference 19. A four-blade propeller operating at  a f l i g h t  speed 'd 
and rotat ional  t i p  speed ImD i s  represented. On the lower blade i n  
the figure the bound vor t ic i ty  is  represented by equipotential  l i nes  
which, when shed, continue downstream as  trail ing-vortex f i lanents ,  
the aggregate of which build the hel icoidal  vortex sheets- Goldstein 
assumed a l igh t ly  loaded propeller with negligible slipstream contraction 
so tha t  at the surface of a vortex sheet i n  the f a r  wake the circulat ion 
a t  a given radius could be equated t o  the  circulat ion about the propeller 
blade a t  the same radius. The circulat ion r a t  a point on a vortex 
sheet is  equivalent .to the difference i n  the velocity potent ia l  between 
the upstream and downstream faces of the sheet taken along a path around 
. the edge of the sheet. 
By hypothesis the wake vortex system conforms t o  the Betz condition 
f o r  minimum energy loss  and mves ax ia l ly  with velocity w with respect 
t o  the surrounding medium. The axial spacing between adjacent hel icoidal  
sheets is 
80 
The quantity 
represents the equivalent velocity potent ia l  r e ~ u l t i n g  from the action 
of the velocity w through the a x i a l  distance between adjacent sheets. 
The circulat ion function ~ ( x )  is defined as the r a t i o  of the circu-  
l a t ion  I' t o  t h i s  velocity potential:  
The he l ix  angle i n  the f a r  wake is determined by the re la t ion  
I n  defining the circulat ion function f o r  l i gh t ly  loaded propellers, 
Goldstein regarded the  wake velocity w as  amall compared t o  the f l i g h t  
speed so t h a t  
For propellers with a moderately heavy loading he notes tha t  it is 
more exact t o  dafine 
One concept of the circulat ion function K(x) is tha t  it represents 
the fract ion of the a x i a l  spacing between surfaces which, i f  acted 
through by the constant velocity w, produces the same potent ial  as  does 
the  average of the r e a l  axial-velocity component acting through the f u l l  
distance of the ax ia l  spacing. Ln other words, K(X)W i s  the average 
value cf the ax ia l  coqonent of the induced velocity a t  a given radius. 
In the simple case .of a propel ler  with an i n f i n i t e  rimer of blades 
t h i s  i s  eas i ly  visualized. The hel icoidal  surfaces a r e  indefini te ly 
closely macedj there is no r a d i a l  flow; and the average axial induced 
i " 
velocity is  the asme as at the hel icoidal  surface and is w cos2 $: 
The t o t a l  c i rculat ion 3r at a given radius is  equivalent t o  the 
velocity potential. produced by the  average a x i a l  induced velocity act ing 
through the axial distance traversed i n  one turn.  
I n  f igure 6 a qual i ta t ive representation of the streamlines 
referred t o  axes fixed i n  the surrounding f l u i d  is shown on a plane 
approximately normal t o  the hel icoidal  sheets at t h e i r  edges. The 
component of air  velocity normal t o  a hel icoidal  sheet at  any radius 
i.s the sane on both faces of the sheet. The r a d i a l  component of the 
velocity, however, is different,  being directed inward at  the u$strecun 
face and outward at  the downstream face as a re su l t  of the tendency of 
the a i r  t o  flow around the edge of the sheet. This discontinuity of 
the r ad ia l  velocity at opposite faces of the  hel icoidal  surface is a 
measure of the vortex strength o r  c irculat ion.  The energy of the r ad ia l  
flow a c c o u t e  f o r  the so-called Wtip loss .  '" 
Goldstein presents values of the circulat ion function f o r  a two- 
blade propeller plot ted as a function of the cotangent of the he l ix  
angle with YC/J as  a parameter. He compares the values obtained by h i s  
exact solution with those obtained from Prandt l ' s  approximate solution. 
Goldstein's r e su l t s  a re  shown i n  f igure 7. 
A comparison of the r ad ia l  d is t r ibut ion  of load f o r  the simple 
momentum theory, the vortex theory (B = m), and Goldstein theory is  
presented in figure 8. In each case the propeller operates a t  a.n 
advance r a t i o  of 2.0 and a power coeff ic ient  of 0.2. The comparison i s  
of the thrust-gradfng c m e s .  For the simple momentum theory t h i s  
curve is a s t ra ight  l i ne  through the or ig in  corresponding t o  a uniforrn 
pressure r i s e  across the disk. For the vortex theory f o r  arn i n f i n i t e  
number of blades there is no t i p  loss,  and th rus t  is assumed t o  be 
maintained at  the blade t ip s .  The curpe f o r  the Goldstein theory 
i l l u s t r a t e s  tha t  the circulat ion must drop t o  zero a t  the t i p .  The 
table  i n  the figure indicates the values of apparent ax ia l  velocity of 
the vortex system resul t ing i n  each case, as well  as the respective 
values of efficiency. 
Lock.- - P r i o r  t o  Goldstein 's  work on prope l le r  theory, t he  vortex 
theory f o r  i n f i n i t e  number of blades had come i n t o  widespread use, 
and prope l le r  invest igators  were familiar with t h e  somewhat standardized 
form of equations by which t h e  vortex theory w a s  applied. Lock and 
Yeatman, i n  reference 20, show t h a t  t he  i n se r t i on  of a f a c t o r  K i n to  
the  standard equations f o r  the  vo r t ex theo ry  made these  equations 
3pplicable t o  propel lers  having a f i n i t e  number of blades where 
The c i r cu l a t i on  funct ion K(x) is defined by Goldstein f o r  
moderately loaded propel lers  as 
For t he  vortex theory f o r  i n f i n i t e  number of blades t h e  c i r cu l a -  
t i o n  fluaction so  defined is  found t o  be 
Hence, f o r  an i n f i n i t e  number of blades t h e  funct ion K defined by 
Lock i s  unity: 
a x )  K = -= 1.0. 
2 
cos gl 
The c r i t i c a l  veloci ty  component i n  propeller-blade-element theory 
is  t he  induced ve loc i ty  wl a t  t he  p rope l le r  blade normal t o  t i e  
r e su l t an t  veloci ty .  For t he  vortex theory f o r  i n f i n i t e  nwzber of blades 
t h i s  induced velocity,  where BI' is the  t o t a l  c i r cu l a t i on  around t he  
disk  at  radius  r, i s  
Lock shows tha t  the equivalent expression f o r  the vortex theory with 
Goldstein's correction f o r  a f i n i t e  number of blades i s  
w1 = BI' 
4 x r ~  s i n  $ 
Values of K l i e ,  in general, between zero and unity. When the rider 
of blades approaches inf ini ty ,  Goldstein's K(X) approaches c o s y  and 
K approaches unity. Lock and Yeatman have extended the computation of 
Goldstein '8 ~ ( x )  t o  cases f o r  propellers having two, three, and four 
blades and have presented the results in charts  showing R as a function 
of s i n  with the radius aa a parameter (reference 20). A sample chart  
is shown i n  f i m  9. 
Crigler and Tallsin (reference 21) present charts of ~ ( x )  /cos2$ 
f o r  propellers having two, three, four, six, and eight blades. For such 
propellers they a lso  give very useful  charts of idea l  efficiency (blade- 
section drag neglected) as a Aulction of power coefficient,  with blade 
loadlng ac2 a t  x = 0.7 and advance r a t i o  as parameters, and show 
how these charts mey be used t o  estimate quickly the over-al l  efficiency, 
thrust  coefficient,  and power coefficient,  including the e f fec ts  of drag. 
Effect of Blade Prof i le  D r a g  
In the development of propeller theory the gotential-flow problem 
is  usually s e t  up f o r  idealized conditions. The f l o w  f i e l d  of the 
propeller is regarded as being established by the f l i g h t  speed, pro- 
pe l l e r  ro ta t iona l  speed, and the ve loc i t ies  induced by the vortex system. 
The propeller blades a re  replaced by bound vortices of the desired 
strength, and the physical shape of a blade is ignored. The ef fec ts  of 
the blade section drag on potent ia l  flow are regarded as of second order 
and are  neglected. This is  a logica l  procedure f o r  establishing optimum 
idea l  blade loading and the associated indwed flow f i e ld .  
In the application of theory t o  design the blade section drag must 
be considered because a large por t ion  of the energy loss  f o r  a pro- 
pe l l e r  is tha t  due t o  prof i le  drag.  Lock (reference 22) m&es a d i r ec t  
computation of the pmfile-dmg power loss  as  being, f o r  each blade 
element, the product of section drag and resul tant  velocity, which, 
when integrated, gives the loss  f o r  the en t i r e  propeller. Weick ( re fer -  
ence 16) bases propeller drag loss  on the section drag- l i f t  ra t io ,  
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where 
He shows t h a t  highest  elemental ef f ic iency is  obtained when 
and, consequently, t h a t  from consideration of only drag, a prope l le r  of 
highest  ef f ic iency should be designed f o r  an advance r a t i o  s l i g h t l y  l e s s  
than 2.20 which corresponds t o  a h e l i x  angle of 450 at x = 0.7. 
I n  a study of t h e  induced flow f i e l d  of p rope l le r s  of highest  
ef f ic iency having a f i n i t e  number of blades, F e r r i  (reference 23) 
considers t he  e f f e c t  of blade sec t ion  drag upon t h e  i d e a l  r a d i a l  d i s t r i -  
bution of c i rcu la t ion .  He shows t h a t  as the  d r a g - l i f t  r a t i o  i s  
increased an inboard s h i f t  of t he  blade loading is required t o  maintain 
highest  over-a l l  eff iciency.  . 
Hartman and Feldman (reference 24), baaing t h e i r  work on t h a t  oP 
Goldstein and Lock, o f f e r  a systematic procedure f o r  the  design of 
propel lers  of highest  ef f ic iency including t he  e f f e c t  of blade -section 
p ro f i l e  drag. They invest igate  t he  r e l a t i o n  between t he  induced l o s s  
and drag lo s s  f o r  a prope l le r  and show that  when a spec i f ic  p rope l le r  
operates a t  i t s  highest  ef f ic iency the  drag 103s i s  equal t o  the  induced 
loss .  Their  treatment of t he  p rope l le r  is analogow t o  t h a t  which, f o r  
a f i n i t e  wing, shows the  maximum l i f t - d r a g  r a t i o  t o  be obtained when t h e  
induced drag equals the  p r o f i l e  drag. Although t h e i r  analys is  is  not 
rigorous, t he  conclusion is apparently subs tml i a t ed  by experiment. In 
f igure  10 t he  envelope e f f ic iency  and corresponding values of power 
c3ef f ic ien t  p lo t ted  against  advance r a t i o  a r e  shown as so l i d - l i ne  curves. 
These data, from reference 25, were obtained i n  t he  Langley prope l le r -  
research tunnel  f o r  a 10 -foot -diameter three  -blade propel ler ,  designated 
as  5858-9, with spinner. For i den t i ca l  values of power coef f ic ien t  and 
advance r a t i o ,  the  i dea l  ef f ic iency of a three-blade prope l le r  is shown 
as 9 dash l i ne .  A t  t h e  advance r a t i o  f o r  maximum eff ic iency t he  induced 
l o s s  is  found t o  be very near ly  equal  t o  t he  drag loss .  Similar compu- 
t a t i o m  f o r  a number of d i f f e r en t  propel lers  have yielded l i k e  r e s u l t s .  
This type of analysis  provides one m e a s  of judging t he  excellence of a 
prope l le r  design. Also, in se lec t ion  of diameter, when the  propel ler  
geometrical shape and operating conditions a r e  fixed, t he  optimum 
d i m e t e r  is  th%t which r e s u l t s  i n  equal induced and prof i le-drag losses .  
The s y s t e m t i c  design procedure offered by Hartman and Feldman i s  
most read i ly  applied when t he  NACA 16-ser ies  a i r f o i l  sect ions  
(reference 26) are used. These sections which were developed especially 
for application to propellers have very high critical speeds and, at 
present, are the blade sections most widely used in the design of liigh- 
speed propellers. 
Dual -Rotation Propellers 
The history of dual-rotation propellers in the inventional stqe 
begins almost as early as that for single-rotation propellers, but the 
development of funda;mental theory for dual propellers has not progressed 
to a comparable stage. No rigorous proof for the optimum wake configu- 
ration coqarhble to Betz 's treatment for single-rotation propellers has 
been established, nor has a mathematical solution for the distribution 
of the circulation along the blade been obtained. A large amomt'of 
literature exists which deals with the practical phases of dual rotation. 
An approximate design procedure, proposed by Lock, based essentially on 
single-rotation-propeller theory is presented in reference 27. A 
consideration of the periodic effects in dual-rotation propellers is 
treated in reference 28. A treatment of dual-rotation-propeller theory 
and design believed to be basically sound, but dependent upon an 
experimental approach, has been presented by Theodoraen (references 29 
to 33). A simplified design procedure for dual propellers based upon 
Theodorsen's work has been presented by Crigler (reference 34). 
The principal contributions to propeller theory made by Theodcrsen 
are (1) the demonstration that the circulation function for any pro- 
peller could be determined by m electrical analogy with relatively 
siarple apparatus and (2) the experimental determination of the circu- 
lation function for dual-rotation propellers, a problem which presents 
formidable difficulties to the mathematical approach. 
Circulation function.- In dealing with single-rotation propellers 
having a finite number of blades, both Prandtl and Goldstein solved for 
the radial distribution of circulation along the propeller blade which 
they expressed as a nondimensional ratio equal to a function of number 
of blades, helix angle, and radius. For lightly'loaded propellers, 
or alternatively for moderately loaded propellers, 
Theodorsen uses the latter definition. 
Mass coef f ic ien t . -  A f a c to r  which Theodorsen uses extensively 
in h i s  treatment of p rope l le r  theory i s  t h e  mass coef f ic ien t  k which 
is t he  average value over t he  p rope l le r  d isk  of t h e  c i r cu l a t i on  
function ~ ( x ) .  The mass coef f ic ien t  is  the  r a t i o  of t h e  equivalent 
mass of a i r  accelerated t o  t he  uniform ve loc i ty  w in u n i t  time t o  
the  mass of air which passes throxgh the  p rope l le r  d i sk  during t he  sane 
time. For a propel ler  with a f i n i t e  nmber  of blades, t h e  equivalent 
mass of a i r  i n  a cy l indr ica l  element of thickness d r  t o  which i s  
imparted t he  axial veloci ty  w in one tlm is 
By aa in tegra t ion  over t h e  disk, t h e  equivalent t o t a l  mass accelerated 
t o  veloci ty  w is 
By def ini t ion,  
Theodorsen has used a.n e lect r ical -analogy method t o  determine 
values of both t h e  c i rcu la t ion  funct ion and t he  mass coef f ic ien t  f o r  a 
wi6.e var ie ty  of propel lers .  
E l e c t r i c a l  analogy. - For dual- rota t ion propel lers  with symrxietri- 
c a l l y  loaded f ron t  and r e a r  uni ts ,  the re  is no ne t  r o t a t i on  i n  t he  
slipstream; t he  wake is composed of two s e t s  of he l ico ida l  surfaces 
sp i r a l i ng  i n  opposite d i rect ions .  The configuration of t he  wake 
he l ices  is  the  same whether the oppositely sp i r a l i ng  surfaces of 
v o r t i c i t y  a r e  regarded as in te r sec t ing  each other, o r  as being r e f l ec t ed  
from one another. For conditions far d o ~ m t r e a m  i n  t h e  wake of a s ing le -  
r o t a t i on  propel ler ,  t he  value of K(x) at  a spec i f ied  radius on t h e  
he l ico ida l  surface i s  obviously independent of a x i a l  pos i t ion-  This 
independence of a x i a l  pos i t ion  does not  hald f o r  t he  c i r cu l a t i on  funct ion 
f o r  dual- rota t ion propel lers .  The oppositely sp i ra led  vortex sheets 
i n t e r s ec t  (or  r e f l e c t )  t o  form a symmetrical pa t t e rn  moving downstream 
with t he  veloci ty  w. The c i r cu l a t i on  function K(x, 8 )  f o r  dual-  
r o t a t i on  propel lers  i s  a periodic function of a x i a l  posit ion,  one cycle 
being the axial distance between successive intersections. The problem 
involved in detedning mathematically the circulation function for 
dual -rotat ion propellers were regarded as insurmountably difficult ,, and 
Theodorsen turned to the more expedient niethod of devising a 
calculating machine to obtain this function. Theodorsen considered 
investigation of the flow field about and forces on a rigid helicoid 
when immersed in a liquid and oscillaied axially but discarded this 
acheme as too dependent upon mechanical perfection. However, the 
mathemtical identity of the flow of an ideal fluid with the flow of an 
electric current in a field of uniform resistance, when boundary condi- 
tions are the same, made possible the experimental solution of this 
problem by electrical analogy. 
In the electrical method the counterpart of the rlgid helicoidal 
surfaces trailing the propeller blades is a geometrically similar 
model of the wake surfaces made of nonconducting material (celluloid). 
A ph~tograph of several of the wake models is presented as figure kl. 
The wake model is imrsed in a weak electrolytic solution (tap water) 
in which an electric current flows in a uniform field parallel to the 
model axis. In this setup electric current and electrical potential 
are analogous to the velocity and velocity potential of fluid motion, 
respectively. 
Apparatus.- The two types of measurements made with the electrical 
method were determination point by point of the radial distribution of 
the circulation function K ( x )  and determination of the mass coef- 
ficient k. 
A diagram of the apparatus used for measuring the value ?f the 
circulation function K ( x )  at points along the radius of the helical 
surface is shown in figure 12. The arrangement is simply a Wheatstone 
bridge with the usual galvanometer replaced by earphones, and the power 
supply is alternating current having a frequency of 1000 c.yc3.e~ per 
second. The null point is established by adjusting the variable 
resistance until the signal becomes inaudible. The measurement is very 
precise. The drop in electrical potential 6E across a helicoidsl 
surface can be measured accurately at any radius and compared with the 
potential drop E in a length of the uniform flow field equivalent to 
the axial spacing between adjacent sheets. The electrical analogy shows 
the circulation function to be 
Somewhat similar apparatus (fig. 13) is used for measuring the mass 
coefficient k which, being an integrated quantity, requires only a 
single measurement for each model. Two a r m  of the Wheatstone bridge 
are known resistances and the other two are the identical tanks of 
electrolyte. The tank walls are ngnconducting, but the top and bottom 
are  copper p la tes  in contact with the electrolyte .  Between the copper 
plates  of one tanlr: is  inserted a model of the helicoidal wake coaxially 
with the tank. The increase i n  e l ec t r i ca l  resistance caused by the 
presence of the wake model is equivalent t o  the addition of a p ~ t e n t i a l  
opposing tha t  of the uniform flow and re su l t s  in a decreased current. 
Theodorsen gives rigorous proof tha t  the mass coeff icient  is 
where F and S are  the cross-sectional areas of the wake model and 
tanlr,,respectively, I. is the current flowing i n  the unobstructed tank, 
and AI  is  the change i n  current due t o  the presence of the wake model. 
The r e l i a b i l i t y  of the e lec t r ica l -ana log  method was verif ied by 
a coqar i son  of the experimental r e su l t s  with those obtained by the 
exact theory (Goldstein) f o r  the known case of a single-rotation pro- 
pe l l e r  h a v u  t;wo blades. The comparison is given i n  figure 14  which 
presents the mass coeff icient  plot ted against the advance r a t i o  of the 
wake. The agreement is excellent. 
* The difference i n  r a d i a l  d is t r ibut ion  of the circulat ion function 
f o r  single-rotation and dual-rotation propellers is i l l u s t r a t ed  i n  
figure 15 f o r  four-blade propellers operating at an advance r a t i o  of 6.0.  
The dual-rotation propeller is  composed of two uni ts  of two blades each, 
rotat ing i n  opposite directions.  The value of K(x) is of necessity 
zero at the blade t i p  f o r  both propellers and zero a t  the axis a lso  f o r  
the single -rotation propeller, but f o r  the dual-rotation propeller ~ ( x )  
increases continuously with d i s tmce  from the t i p  and reaches a maximum 
value a t  the axis of rotation. In order t o  d r a w  an analogy between the 
propeller a d  a wing, the single -rotat  ion-propeller blade behaves in 
ef fec t  a s  a wing having a span equal t o  the propeller radius, whereas 
the dual-rotation-propeller blade ac ts  as  the semispan of a wing the 
fu l l  span of which is  the propeller diameter. Consider two oppositely 
rotat ing blades of a.n idea l  dual-rotation propeller when lbO apart.  The 
bound circulations on the two blades a re  symmetrical, equal, and are  i n  
the sane seneej hence there i s  no concentration of vor t ic i ty  shed along 
the axis of ro ta t ion  as in the case of the single-rotation propeller.  
I f  a comparison were made of the radial dis t r ibut ion of thrust  f o r  the 
two propeller types, the thrust-grading curves f o r  both would be zero 
a t  the ax is  and at the t i p ,  but the elemental values of thrust  f o r  the 
dual-rotation propeller would, a t  a l l  rad i i ,  be greater  t h a  those f o r  
the single-rotation propeller i f  the same value of wake velocity w i s  
assumed f o r  both cases. 
A s  mentioned in the discussion of the mass coefficient t h i s  fac tor  
represents the portion of the slipstream flow effect ively worked on by 
the A comparison of the  mass coeff ic ients  f o r  four-blade 
single -rotation and dual-rotation propellers is shown i n  f igure 16. 
A t  values of advance r a t i o  currently i n  use f o r  cruising operatfon, 
J = 1.5 t o  3.0, the m a ~ s  coeff icient  f o r  the dual-rotation propeller i s  
about twice t h a t  f o r  the single, and about three tfmes as great a t  
values of advance r a t i o  from 4.0 t o  5.0. This comparison shows tha t  f o r  
the case selected, f o r  operation at  equal values of indaced loss  the 
power capacity of a dual-rotation propeller is much greater  than t h a t  of 
a single-rotation propeller of equal diameter and so l id i ty .  
DISCUSSION 
I n  h i s  book on propeller theory (reference 33 ) Theodorsen comments 
tha t  the theory f o r  dual-rotation propellers may be o-veridealized. The 
idea l  dis t r ibut ion of circuiLation cannot be obtained i n  practice by any 
means known at present, because the theory demands a cyclic change i n  
the circulat ion function which i n  turn requires a cyclic change i n  blade 
angle. The required cyclic p i tch  change is  d i f fe rent  f o r  each radial- 
s t a t ion  and, therefore, cannot be obtained by a simple osc i l la t ion  of a 
blade in the hub. 
The va l id i ty  of the e l e c t r i c a l  analogy, though apparently well  
ver if ied by comparison with theory f o r  s ingle-rotat ion propellers, is  
not conq?letely established f o r  dual-rotation propellers.  The r ad ia l  
l ines  of intersect ion of the s e t s  of oppositely sp i ra l ing  vortex sheets 
represent regions of discontinuity. There is  no guarantee tha t  the 
application of the e l e c t r i c a l  &ogy with cel luloid models of dual- 
propeller wake8 fa i th fu l ly  represents the operation of actual  dual- 
rotat ion air  propellers, especially in the p rac t i ca l  case i n  which the 
dual units operate in  tandem ra ther  than i n  the same plane. 
A l l  propeller theory has been developed f o r  operation i n  an 
incompressible f lu id .  The theories apply well i n  a compressible f l u i d  
a t  subsonic speeds up t o  those at which the blade sections reach t h e i r  
c r i t i c a l  values of Mach number. A t  higher subsonic speeds some portion 
of the blade always operates i n  a region of transonic flow, the blade 
section l i f t  and drag character is t ics  undergo rapid changes, and the 
load dis t r ibut ion calculated f o r  idea l  conditions is meaningless. With 
adequate howledge of a i r f o i l  character is t ics  a t  transonic speeds, how- 
ever, a propeller can be designed t o  operate with the idea l  load 
dis t r ibut ion fo r  one par t icu lar  operating condition i n  the transonic 
region. The design of an ef f ic ien t  propeller with l e a s t  induced energy 
loss  f o r  operation a t  transonic and low supersonic speeds depends only 
on the ava i lab i l i ty  of a i r f o i l  character is t ics  f o r  the corresponding 
values of blade-section Mach number. Inasmuch as  the propeller xake 
velocity is only a few percent of the velocity of f l i gh t ,  the induced. 
veloci t ies  are ent i re ly  subsonic even f o r  transonic and supersonic pro- 
pel lers .  The theoret ical ly  desirable dis t r ibut ion of c irculat ion along 
the blade f o r  incompressible flow should hold f o r  transonic and low 
supersonic f l i g h t  speeds as well as it does i n  the lox subsonic range. 
APJ?EmIX 
SYMBOLS 
inflow velocity fac tor  (B = m) 
rotat ional  interference velocity f ac to r  (B = C O )  
nuniber of blades 
blade width (chord) 
section drag coefficient 
section l i f t  coefficient 
power coefficient (P/p3D5) 
thrust  coefficient ( T / ~ & ~ )  
propeller diameter 
e l e c t r i c a l  potential ,  vol t s  
cross-sectional area of model helicoidalwake projected on a 
plane normal t o  axis  
t o t a l  pressure 
e l ec t r i c  current, amperes 
e l ec t r i c  current i n  uniform f ie ld ,  amperes 
advance r a t i o  (V/IJD) 
the circulat ion function ((, El,) 
mass coefficient 
0 K(x)xb) 
l i f t  
mass flow, slugs per second 
n rotational speed, revolutions per second 
P power 
P static 'pressure 
Po free -stream static pressure 
R propeller tip radius; electrical resistance, ohms 
r radius to blade element 
S electrolytic -tank cross -sectional area 
T thrust 
fd velocity of advance 
W resultant velocity at blade section 
w apparent axial velocity of wake helicoidal vortex sheets 
W1 induced velocity normal to helicoidal surface (w cos $1 
x fraction of propeller-tip radius (r/~) 
I' circulation 
11 efficiency 
i ideal efficiency, when no drag loss is assumed 
7 ' blade -element ' efficiency 
"0 ' 
blade-element efficiency, when no induced energy loss is 
assumed 
8 angle measured in any plane normal to the axis of rotation, 
with axis as center 
Lock ls factor (3) 
P mass density of air, slugs per cubic foot 
prope l le r  s o l i d i t y  (~b/rcxD) 
aerodynamic h e l i x  angle. 
geometric he l i x  angle tarn-lL ( XX) 
angular veloci ty ,  radians pe r  second 
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THRUST 
ACTUATOR Dl SK 
Figure 1. - Simple momentum theory. 
Figure 
Figure 3.- Basic vortex system for a propeller. 
Figure 4. - Vector diagram of vortex blade-element theory; infinite nun-; - 
of blades. 
W~ BETZ CONDITION, COS + = w = CONSTANT 
~ r ,  f i r ,  f i r 2  a 1 
Figure 5. - Radial distribution of induced velocity i n  rigid helicoidal wake. 
W 
AXIAL  VELOCITY 
OF RIGID WAKE 
B r n  I' - f (B*+,r) GOLDSTEIN, K ( x ) l  (Y+w)Y= - 
[ B n  1 
Figure 6. - Circulation function, K(x) ; finite number of blades. 
Figure 7. - Goldstein's circulation function; two-blade propeller. 
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Figure 8. - Comparison of thrust grading curves; C = 0.2; J = 2.0. P 
= K f l  
cos (I, 
B, INFINITE 
B, FINITE 
.J 
0 I I I I 1 
-2 .4 -6 .8 1 .O 
SIN 4 
Figure 9. - Lock's presentation of Goldstein circulation function; two-blade 
propeller. 
HARTMAN AND FELDMAN 
EXPERIMENTAL 
Figure 10. - Envelope efficiency compared with ideal efficiency. 
(a) Two-blade single rotation. 
(b) Four-blade dual rotation. 
(c ) Six-blade dual rotation. 
Figure 11. - Typical celluloid wake models used in the electrical -analogy 
experiments. Tgz'K/7 
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ANALOGY 
AERODYNAMIC ELECTRICAL 
Figure 12. - Schematic diagram of apparatus for measuring the circulation 
function. 
AERODYNAMIC 
ELECTRICAL 
Figure 13. - Schematic diagram of apparatus for measuring .the mass coefficient. 
ELECTRICAL ANALOGY 
- THEORY (GOLDSTEIN) 
(THEODORSEN) 
Figure 14. - Electrical-analogy results  compared with theory; B = 2. 
DUAL ROTATION 
MIDWAY BETWEEN 
INTERSECTING SURFACES 
SINGLE ROTATION 
X 
Figure 15. - Radial distribution of load; four-blade propellers; + = 1.89. 
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